
ST402 Principles and Methods MT2005/2006 Exercise 6: Solutions

1. (a) The likelihood function is

L(θ; Y1, · · · , Yn) =

n
∏

j=1

θYj

Yj !
e−θ = θY e−nθ

/

n
∏

j=1

Yj !.

Hence, Y is sufficient for θ. Further, EY = nEY1 = nθ, and Var(Y ) = nVar(Y1) = nθ. Since

E(etY ) = {E(etY1)}n = [exp{θ(et − 1)}]n = exp{nθ(et − 1)}, Y ∼ Poisson(nθ).

(b) l(θ) = Y log θ − nθ. Let l̇(θ) = Y/θ − n = 0, leading to θ̂ = Y/n.

(c) From (a), Z ∼ Poisson((n − m)θ). Therefore the likelihood now is

L(θ; Y1, · · · , Ym, Z) =
{

m
∏

j=1

θYj

Yj !
e−θ

}{(n − m)θ}Z

Z!
e−(n−m)θ ∝ L(θ; Y1, · · · , Yn).

Hence the MLE is the same as in (b).

(d) Since Z = Ym+1 + · · ·+Yn is a sufficient statistic for θ with observations Ym+1, · · · , Yn, there is

no loss of information for knowing Z only as far as the estimation for θ is concerned. So the MLE

based on Y1, · · · , Ym and Z is the same as the MLE based on the whole sample Y1, · · · , Yn.

2. The likelihood function can be written

L(λ) =

n
∏

i=1

f(xi) =
1

[Γ(r)]n
exp

(

−λ
∑

xi

)

[

n
∏

i=1

xi

]r−1

λnr .

The log-likelihood is

l(λ) = constant − λ
∑

xi + nr lnλ,

where the constant depends on the observations and on r but not on λ. Let d
dλ

l(λ) = 0, leading to

λ̂ = r/X̄. (Notice that the log-likelihood here is of the form in Question 1.)

3. The density function may be written

f(y; θ) =
2y

θ2
I(0,∞)(y)I(−∞,θ)(y).

so the joint density for a sample of observations is

f(y; θ) =
2n

∏n

i=1 yi

θ2n

[

n
∏

i=1

I(0,∞)(yi)

] [

n
∏

i=1

I(−∞,θ)(yi)

]

=
2n

∏n

i=1 yi

θ2n

[

n
∏

i=1

I(0,∞)(yi)

]

I(−∞,θ)(y(n)),

where y(n) is the largest observation. The likelihood is

L(θ;y) = Cθ−2nI(−∞,θ)(y(n)),

where the constant C depends on the observations, but not on θ. To make the log-likelihood large,

one must make θ as close to zero as possible without taking it below y(n). The maximum likelihood

estimator of θ is therefore Y(n), the largest observation.

4. The log-likelihood of one observation is

l(µ; y) = y − µ − 2 ln [1 + exp(y − µ)] .
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Differentiating with respect to µ gives the score function

−1 + 2
exp(y − µ)

1 + exp(y − µ)
= −1 + 2F (y; µ),

where F (y; µ) is the distribution function for the logistic distribution

F (y; µ) =

∫ y

−∞

f(y; µ)dy =
exp(y − µ)

1 + exp(y − µ)
.

Since by the probability integral transformation we know that F (Y ; µ) has a uniform distribution

on (0, 1), it follows that

Var{−1 + 2F (Y ; µ)} = 4Var{F (Y ; µ)} = 4/12 = 1/3,

and so the information in a sample of size n is I(µ) = n/3. The score function for the sample of

size n is

s(µ;y) =

n
∑

i=1

[−1 + 2F (yi; µ)].

The iteration for the method of scoring is

µ̂r+1 = µ̂r + [I(µ̂r)]
−1s(µ̂r;y) = µ̂r + 3

n
∑

i=1

[−1 + 2F (yi; µ̂r)]/n.
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